1 Ito Integral

a. Ito Integral Definition for simple integrand
Given ¢, t1 t,, and At is a constant in between any [tg,tx+1]

k—1

I(t) = Y AW (ti1) = W(t)] + Alt) W (E) = W (te)]
j=0

We can also rewrite I(t) = fot A(u)dW (u).

b. Properties of Ito integral
1) Ito Integral is a martingale

2) Isometry

EI(t) = E [} A%(u)du

c. Ito integral definition for general integrand
Choose A, (t) such that when n— > oo

limp—sooE [} |An(t) — A(t)|2dt =0

Define Ito integral

/Ot A(w)dW (u) = limy, >0 /Ot Ay (w)dW (u)

2 Ito formula

a. Ito formula
Suppose dX; = udt + 0dB;
If g(t, X) is twice continuously differentiable Y; = g(t, X)

dg dg
= Zat+ 22dx
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Where (dX)2 = d(X,)d(X;) = u2(dt)? + 2uodtdB, + 02 (dB;)?
dt x dt = dt * dB; = 0, dB;dB, = dt
So (dX;)? = o?dt.

dYy

b. Example: Differentiation of Geometric Brownian motion
The geometric Brownian motion satisfies

S(t) = S(0)ewp((1 — %Uz)t + odW (1))



Based on Ito’s formula and chain rule
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avz ~ awlaw) = aw ) =gy =S

So

ds = S(u — %02)dt + o SdW (t) + %S(ert
= S((udt + adW (t))

c. Example: Integral of Geometric Brownian motion
The geometric Brownian motion satisfies dN;/N; = rdt + odB; to solve this we
consider
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d(InNy) = " dN; + =~
(InNe) = 58, e+ 552
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(dN;)? = r2N2(dt)? 4+ rN,dtodB, + 0> N?d>* B,

=0+0+0°Nidt

(dNy)?

So
d(l N)—idN _1 2dt = ( _1 )dt + odB
T IV _Nt t 20’ = \r 20’ g t
1
ln(Nt/No) = (’I" — 50'2)t +U'Bt

1
Ny = Noexp((r — 502)15 +0Bt)



