
1 Ito Integral

a. Ito Integral Definition for simple integrand
Given t0, t1 tn and ∆t is a constant in between any [tk, tk+1]

I(t) =

k−1∑
j=0

∆(tj)[W (tj+1)−W (tj)] + ∆(tk)[W (t)−W (tk)]

We can also rewrite I(t) =
∫ t

0
∆(u)dW (u).

b. Properties of Ito integral
1) Ito Integral is a martingale
2) Isometry

EI2(t) = E
∫ t

0
∆2(u)du

c. Ito integral definition for general integrand
Choose ∆n(t) such that when n− >∞
limn−>∞E

∫ T

0
|∆n(t)−∆(t)|2dt = 0

Define Ito integral

∫ t

0

∆(u)dW (u) = limn−>∞

∫ t

0

∆n(u)dW (u)

2 Ito formula

a. Ito formula
Suppose dXt = udt+ σdBt

If g(t, X) is twice continuously differentiable Yt = g(t,Xt)

dYt =
∂g

∂t
dt+

∂g

∂X
dXt

+
1

2

∂2g

∂x2
(dXt)

2

Where (dX)2 = d(Xt)d(Xt) = u2(dt)2 + 2uσdtdBt + σ2(dBt)
2

dt ∗ dt = dt ∗ dBt = 0, dBtdBt = dt
So (dXt)

2 = σ2dt.

b. Example: Differentiation of Geometric Brownian motion
The geometric Brownian motion satisfies

S(t) = S(0)exp((µ− 1

2
σ2)t+ σdW (t))

1



Based on Ito’s formula and chain rule

dS

dt
= S(µ− 1

2
σ2)

dS

dW
= S(σ)

d2S

dW 2
=

d

dW
(
dS

dW
) =

d

dW
(S(σ)) = σ

dS

dW
= σ2S

So

dS = S(µ− 1

2
σ2)dt+ σSdW (t) +

1

2
Sσ2dt

= S((µdt+ σdW (t))

c. Example: Integral of Geometric Brownian motion
The geometric Brownian motion satisfies dNt/Nt = rdt+ σdBt to solve this we
consider

d(lnNt) =
∂lnNt

∂Nt
dNt +

1

2

∂2lnNt

∂N2
t

(dNt)
2

=
1

Nt
dNt +

1

2
(− 1

N2
t

)(dNt)
2

(dNt)
2 = r2N2

t (dt)2 + rNtdtσdBt + σ2N2
t d

2Bt

= 0 + 0 + σ2N2
t dt

So

d(lnNt) =
1

Nt
dNt −

1

2
σ2dt = (r − 1

2
σ2)dt+ σdBt

ln(Nt/N0) = (r − 1

2
σ2)t+ σBt

Nt = N0exp((r −
1

2
σ2)t+ σBt)

2


