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1 Basic of Fourier Transform

Fourier Series
If 2(t) = 2(t + T) then z(t) can be written as
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iis the 1mag1nary unit, and k is an integer. The above expression is eligible
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because e~ 7 is a periodic function
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Each basis e 7" represents a signal with frequency fr = % So the interval

between each adjacent frequency Af = % Based on orthogonality, we can get
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Fourier Series: Example
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Only terms with k = +/-1 in the above expression can survive, so
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Similarly, ¢y = 3.
Fourier Transform
We can generalize the Fourier series to non-periodic functions. We define the
Fourier transform as

F(f) = /oo x(t)e it dt
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With the inverse Fourier transform defined as
o) = [ Fpmra
To see why the above makes sense, it is easy to prove the identity.
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Fourier Transform: Example
1. Constant Function

z(t) =1

F(f) = /00 x(t)e it
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2. Trigeometic Function Take the same x(t) as above in the discrete case
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x(t) = 005(27Tf0t) = 5(6217|'th + e*227‘rf0t)



F(f)= [t ettt = 257 f)+ 5607 + o)

Discrete Fourier Series
The above is the Fourier transform in continuous case. In discrete case if x =
nAt, where n = 1...N, and T'= NAt, then the Fourier series can be written as
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This is the discrete Fourier series.
The interval in the frequency domain is
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Discrete Fourier Transform

In the discrete case, suppose we sample a signal N times within time T. We
divide time T into N time intevals with length being At = N/T. Then we can

let t = nAt, the integral in the Fourier transform becomes a summation. So we
write the Fourier transform as
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In frequency domain, the frequency also becomes discrete, and same as the case
in discrete Fourier series, Af = % Another way of seeing A f is when we confine
the length of time domain to T, the function in time domain has to be periodic
function with period T. So we have
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where k is integer. This leads discrete frequencies
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Using f = kAf, we can rewrite our Fourier transform
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The last step uses the fact AkAt = %% = % Then we work out the Fourier
transform and inverse Fourier transform identity
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So we define discrete Fourier transform

N

F(k) = Z l,(n)ef%rikn/N
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and the discrete inverse Fourier transform
1 & ,
= D Fk)em ey
n=0

Example
Let N = 4, and



Similary to the continuous case, only terms with k = +/-1 in the above expres-
sion can survive, when k =1
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What about case for k = —17 We define k = 1, 2, 3, 4 so k = —1 is not defined.
However, in discrete case we note c_; = c3 due to the periodicity. Similarly, we
can calculate F(3) = 3.

N is the total sample within time T.

Properties
1) To be eligible, f(x) has to be a period function with time T(with frequency
F = 1) in both continuous case and discrete case. The requirement in discrete

case leads to uniform sampling theorem used in signal processing. The total
sampling time Tyqmpiing has to be an integer multiple of T'.

Tsampling =MT

while T = Fﬂs So

MT = NAt
if we let At = F%7 where Fy is the sampling frequency, and T = %, we have
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2) If (n) is real, which means z(n) = z*(n). We then substitute Fourier series
for both z(n) and x * (n),
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Since the summation on the right hand side is from —oo to oo, it is eligible to
replace k with k.
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Combine the above two equations 1 and 2, we can see ¢ = ¢* ;. This means
they are complex conjugate: their magnitude are equal, their phase are oppo-
site. Namely ||cx|| = |lc—k||, ¢(ck) = éd(c—k). Similarly, for discrete Fourier
transform, || Fg|| = || F-xl|

3) Connection between complex representation and real representation.



We have shown that for real signal ¢, = ¢* ,, and ¢, = \ck|ej9’“, c_p = |ck|e*j9k.
And in complex representation, we can combine the term with index k and -k,
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where ag = ¢g, ar = 2|ck|cosO, by = 2|ck|sinby.

4) F(k) = F(k+N), which means F (k) is periodic with period N. We remember
Af = %, so the period of N correspond to time length of % Therefore, it is
sufficient enough for us to confine k to be within the range —N/2 < k < N/2.
For all the integers of k" which are beyond this range, we can find an equivalent
integer of k which is within —N/2 < k < N that satisfies F(k') = F(k). With
sample frequency Fs = %, the maximum frequecy of the signal(bandwidth B)

N _ Fg

we can tell is B = 35 = 5. In other words, in order to capture the whole

bandwidth B of the signal, we must have Fy > 2B. This is Nyquist sampling
theorem.
5) Power density

P, = %/|x(t)|2dt
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When signal is real, then
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2 Fast Fourier Transform

The above discrete Fourier transform requires a multiplication of N x N matrix
and it has the time complexity of N2. The fast Fourier transform does the
same job as discrete Fourier transform but runs much faster as it has a time
complexity of NlogN. To see this, we start from the discrete Fourier transform
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let
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then we have the basis orthogonality
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We recognize we can write X with even index terms and odd index terms

X = Even index parts + Odd index parts
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(We can view this as Fourier Transform of N/2 even indexed points, where k is 0,1N/2)
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(We can view this as Fourier Transform of N/2 odd indexed points, where k is 0,1N/2)
(Since each part is a Fourier transform of N/2 points, k has to be smaller than N/2)
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As noted, the above derivation is for k¥ < N/2, a very similar derivation for
N/2 <=k < N leads to
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Now we have divided the FFT of N points to two FFT with N/2 points Keep
going till we reach the size to one, then combine together recursively. Let Ty
be the time for Fast Fourier transform with N points, then we have

Ty =2Tnj2 + N

By Master theorem, we can get T = O(NlogN). Since we divded the size of
calculation by 2 each time until we reach the base case with size 1, the total
size has to be 2™, where m is an positive integer.



3 Fourier Transform of Useful Functions

The Fourier Transform of Step Function
Let u(t) be a step function: u(t) =1 when ¢ > 0, u(t) = 0 when ¢t < 0. And its
derivative is a delta function

Taking Fourier transform on both sides yields

oamifF(f) =1

So

s lrzo + F(f)lr=0

Since any function with a different constant can have the same derivative, the
Fourier transform of the original function has to have a constant, which corre-
sponds to zero frequency component F'(0). The constant component of function
u(t) is its offset to zero, which is 1/2. so
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The Fourier Transform of a Shifted Step Function
Let u(t) be a step function: u(t —7) =1 when ¢t > 7, u(t — 7) = 0 when ¢t < 7.
Then

F(f) = /_DO u(t —7)e 2 tdt

Let t =t — 7, then
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So we see this is a factor times Fourier transform of step function, therefore
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The Fourier Transform of Gaussian
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So the Fourier transform of a Gaussian function is another Gaussian function
but with different width.

The Fourier Transform of Dirac Comb

w(t)= Y o(t—nT)
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It is clearly that x(t) is periodic with period T. So we can expand that into
Fourier series

S
l‘(t): Z ckeQTrikt/T

k=—o0

Where

1 /T/2 —_—
k= = x(t)e™" T dt
T J_ 1)

T/2 —
:%/ 5(0)e 7

—-T/2
1
T

So

o0

1 e
x(t) = Z TeQ kt/T

k=—o00

On the other hand, based on the formula of Fourier transform
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Comparing the Fourier series of x(t) and the expression of F(f), they are the
same except T being changed to fy. Therefore we can conclude that F(f) itself
is also a Dirac comb, which is

F(fy=fo 3 8(f —nfo)
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The Fourier Transform of White Noise

Assuming noise we sample in time is n[m], where m = 0,... M-1. n[m] is a
Gaussian random variable with zero mean and variance ¢2. The the FFT of
n[m] is

[m] e—i27rmk/M
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The expected value is
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The same derivation applies for the imaginary part. So the FFT is Gaussian

noise with mean zero and variance o2.

4 Connection with Uncertainty Principle

Relationship between time length and frequency bandwidth
We consider a few examples
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1) We consider a function g(t) which is infinitely long in time domain

g(t) = cos(27 fot)
Its Fourier transform is

6127rf0t_|_e 27 fot 7.27Tftdt
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The last line is based on [~ ™™/t = §(f).

Since the delta function has width zero, so the the bandwidth in frequency do-
main is zero. We see a signal which is infinitely long in time domain has zero
bandwidth in frequency domain.

2) We consider a function g(t) which has zero width in time, namely an impulse
function.

Since this function is not a periodic function, we assume its period is infinity.

Its Fourier transform is
F(f) = / S(t)e=2 It = 1

Now we see a signal which has zero width in time has infinitely long frequency
bandwidth. Typically, for a signal, the width in its time domain and the width
in its frequency domain can not shrink to zero simultaneously. This leads to the
uncertainty principle.

Uncertainty Principle

In quantum mechanics, if there is a particle with position x and momentum p,
then uncertainty principle states

AxAp > g

Similar relationship holds for time t and Energy.

AtAE > g

We can modify this expression to get the time and frequency relationship in our
Fourier transform. Since F = hw. Then

AtAw >
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5 Connection to Bloch Theorem in Solid State
Physics

In solid state physics, the crystal lattice is periodic so as the periodic potential.
The wavefunction ¥ at the presence of a periodic potential has the following

property.
U(r+R,) = *Ry(r)
This is the Bloch Theorem. And the wavefunction ¥(r) can be written as
U(r) = e™ru(r)

Where u(r) is periodic too with u(r) = u(r + R,,). In above, R, is the crystal
translation vector, and k is a vector. For simplicity, we consider one dimension
crystal and the lattice basis vector is a, therefore R,, = na.

We note for a k vector which holds the Bloch theorem, k + l%’r (where [ is an
integer) can also holds the Bloch theorem. As in the discrete Fourier transform,
where F(k) is periodic function with period N and we confine the frequency
to be in the range of [-N/2T, N/2T)], the function ¥ (k) here is also a periodic
function with 27” So to make k unique, we usually confine k to be within the

2r 27

range— =", =&, and we call this the First Brillioun zone.

6 Connection to Characteristic Function in Statis-
tics

In statistics, given a probability density function f(x), we define the character-
istic function as
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The use of characteristic function comes from the reason as it always exists even
the probability density function does not. And a huge advantage to use charac-
teristic function duing calculations is it makes very simple to do differenciations
when the probability density functions are involved with differentiations.
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