
1 Monte Carlo Simulation Toy Model

a. Monte Carlo steps for calculating π
1) Draw random variables x, y belongs U(-1,1)
2) Define indicator function, which indicates whether (x,y) falls into circle at
(0, 0) with radius 1, as shown in graph below

1π =1 if x2 + y2 ≤ 1

0 otherwise

3) The ratio of total number of random variable that falls into the circle to the
total number pair is ratio of the area of the circle to the area of the square

∑N
i 1π
N

= π/4

4) π is equal to 4/N
∑N
i 1π

b. Proof of (3) Based on law of large numbers

∑N
i 1π
N

= E(1π)

=

∫
1pidP (x, y)

=

∫ 1

−1

∫ 1

−1

1πp(x)p(y)dxdy

=

∫ 1

−1

∫ 1

−1

1π1/21/2dxdy

=1/4

∫ 1

−1

∫ 1

−1

1πdxdy

=1/4 ∗ area of the circle

=π/4

V ar(1π) <∞ since it is a binomial distribution, so V ar(
∑N
i 1π
N ) = 1/NV ar(1π) =

0, when N goes to ∞
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